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Abstract
The drift kinetic equation of Hazeltine [R. D. Hazeltine, Plasma Phys. 15, 77 (1973)]
for a magnetized plasma of arbitrary collisionality is widely believed to be exact
through the second order in the gyro-radius expansion. We demonstrate that this
equation is only exact through the first order. The reason is that when evaluating the
second order gyro-phase dependent distribution function, Hazeltine neglected con-
tributions from the first order gyro-phase dependent distribution function, and then
used this incomplete expression to derive the equation for the gyro-phase independent
distribution function. Consequently, the second order distribution function and the
stress tensor derived by this approach are incomplete. By relaxing slightly Hazeltine’s
orderings we are able to obtain a drift kinetic equation accurate through the second
order in the gyro-radius expansion. In addition, we obtain the gyro-viscous stress
tensor for plasmas of arbitrary collisionality.
PACS numbers: 52.25.Dg, 52.25.Xz, 52.55.-s
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I. INTRODUCTION
Since 1973 the reduced kinetic equation for the gyro-averaged distribution function
derived by Hazeltine1 by expanding in powers of the gyro-radius has been the best
available drift kinetic equation. The derivation is elegant and the result is physically
appealing. Hazeltine’s1,2 derivation procedure is valid for general magnetic geometry
and all wave and collision frequencies below the species gyro-frequency, and gives
the gyro-averaged distribution function through the first order in gyro-radius when
it depends on the magnetic moment as well as the energy. It has been widely used to
treat transport and wave phenomena in magnetized plasmas.2–6 However, one aspect
of the result that is not normally appreciated is that for distribution functions, which
are independent of magnetic moment to the lowest order, other terms must be retained
in order to completely and directly evaluate the gyro-viscous stress tensor without
recourse to a moment approach. As a result, non-linear drift kinetic simulations using
the Hazeltine’s drift kinetic equation would not properly describe key features of the
background poloidal flow and its coupling to the turbulent generation of zonal flows;
possibly resulting in an incorrect long time saturated amplitude for the turbulence.
Recall that gyro-viscous and Reynolds stress effects must be treated as the same order
for consistency.
To understand what second order effects are missing we have to understand how
they arise. When the magnetic moment dependence of the distribution function, f ,
is treated as the first order in the gyro-radius, ρ, all the magnetic moment terms
in the Hazeltine drift kinetic equation become of order ρ2 so that for consistency
they should either be (i) neglected as, for example, in the approximate form given
by Eq. (44) in Chapter 4 of Hazeltine and Meiss, or (ii) supplemented by retaining
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all other second order terms. In the following sections we relax Hazeltine’s temporal
orderings slightly to derive these missing terms for a distribution function that is
isotropic in velocity space and then demonstrate their importance by evaluating the
gyro-viscous stress tensor for a plasma of arbitrary collisionality when the lowest
order distribution function is a Maxwellian. Our orderings are discussed briefly in
Sec. II and are appropriate for describing both drift wave turbulence and neoclassical
and classical phenomena with the exception of the classical perpendicular collisional
viscosity. The latter can be required to obtain the neoclassical radial electric field7
and can be most easily evaluated using a moment approach by assuming that the
gyro-frequency is much larger than the collision frequency.
To derive the drift kinetic equation to the lowest order the gyro-phase dependent
portion of the distribution function is not required and one obtains the simple drift
kinetic form of Kruskal and Oberman.8 However, to recover magnetic and electric
drift effects and the parallel velocity correction as well as streaming, the first order
gyro-phase dependent portion of the distribution function is needed.
Hazeltine retained these order ρ effects by treating the magnetic moment variation
as the same order as the energy variation. However, for an f that is isotropic in the
lowest order, these magnetic moment dependent terms he retained become of the
second order and we must retain all other second order corrections. To do so we must
evaluate the gyro-phase dependent portion of the distribution function to order ρ2 as
we do in Sec. III. In Sec. IV we employ this result to evaluate the second order terms
that must be retained in the drift kinetic equation to evaluate the gyro-averaged
distribution function to order ρ2.
This final equation for gyro-averaged distribution function must be solved to self-
consistently retain gyro-viscous and Reynolds stress effects on turbulence and trans-
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port. The gyro-phase dependent portion of f to order ρ2 is obtainable in terms of the
gyro-phase independent portion of f to order ρ and can be readily used to evaluate
the gyro-viscous stress tensor for a plasma of arbitrary collisionality, which is done in
Sec. V. The last section gives a brief discussion of our results.
For simplicity the paper concentrates primarily on ions (and assumes that they
are singly charged). Nevertheless, most of the results are also valid for electrons after
ion quantities, such as mass, charge and so on are replaced by the corresponding
electron ones.
II. ORDERINGS AND ASSUMPTIONS
To derive a drift kinetic equation that can be solved for the distribution function
through the second order in the gyro-radius expansion we slightly relax the order-
ings employed in Refs. [1,2]. Rather than permitting time variation on the transit
time scale and slower we instead retain phenomena only on the drift time scale and
slower. Specifically, we treat explicit time variation as being on the diamagnetic drift
frequency time scale,
∂
∂t
∼ δ2Ω (1)
(whereas Refs. [1,2] used ∂/∂t ∼ δΩ), while still assuming
v ·∇ ∼ δΩ, e
M
E‖ ·∇v ∼ δΩ, e
M
E⊥ ·∇v ∼ |vE|
vt
∼ δΩ, C ∼ ν ∼ δΩ. (2)
Here, δ ≡ ρ/L⊥ ¿ 1 is the expansion parameter, with ρ = vt/Ω the gyro-radius and
L⊥ the characteristic perpendicular macroscopic length scale, Ω ≡ (eB/Mc) is the
gyro-frequency, vt ≡
√
2T/M is the thermal speed, v is the velocity variable of the
ion distribution function, e is the unit electric charge, M is the ion mass, E is the
electric field, vE = c(E ×B)/B2 is the E ×B velocity with c the speed of light, B
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the magnetic field and B = |B|, C is the collision operator, and ν is the characteristic
collision frequency.9 As usual, “parallel” and “perpendicular” refer to the direction
of B.
More importantly, we assume that the leading order distribution function is isotropic
in velocity space, that is, it only depends on energy v2/2, the spatial variables r, and
time t. This is almost always the case for the magnetically confined plasmas of interest
for magnetic fusion, with such exceptions as radio-frequency wave heated plasmas and
neutral beam injected energetic particles. Indeed, normally this distribution function
is a Maxwellian.2 The isotropy assumption can be relaxed and the gyro-phase de-
pendent portion of the ion distribution function can be easily obtained through the
second order in the δ expansion for the case of the leading order distribution function
depending on both the ion energy and magnetic moment. However, both this result
and the corresponding second order in δ contribution to the resulting drift kinetic
equation for the gyro-phase independent portion of the ion distribution function are
cumbersome and unlikely to be useful.
III. GYRO-PHASE DEPENDENT PORTION OF DISTRI-
BUTION FUNCTION
In this section we evaluate the gyro-phase dependent portion, f˜ , of the distribution
function, f , by retaining all the first and the second order in the gyro-radius expansion
corrections. To do so we write the full kinetic equation in terms of velocity variables
ε ≡ v2/2 (the kinetic energy), µ ≡ v2⊥/2B (the magnetic moment), and ϕ (the gyro-
phase), then subtract off its gyro-phase average, and finally integrate over ϕ to arrive
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at the equation
f˜ =
1
Ω
∫
dϕ
{
v⊥ ·∇|µf¯ + (ε˙− 〈ε˙〉ϕ)
∂f¯
∂ε
+ (µ˙− 〈µ˙〉ϕ)
∂f¯
∂µ
}
+
1
Ω
∫
dϕ
{
∂f˜
∂t
+ v ·∇|ε,µ,ϕf˜ −
〈
v ·∇|ε,µ,ϕf˜
〉
ϕ
+ ε˙
∂f˜
∂²
−
〈
ε˙
∂f˜
∂²
〉
ϕ
(3)
+µ˙
∂f˜
∂µ
−
〈
µ˙
∂f˜
∂µ
〉
ϕ
+ (ϕ˙+ Ω)
∂f˜
∂ϕ
−
〈
(ϕ˙+ Ω)
∂f˜
∂ϕ
〉
ϕ
+ 〈C(f)〉ϕ − C(f)
}
.
Here, ∇|ε,µ,ϕ is the gradient with respect to the spatial variables taken at fixed ε,
µ and ϕ, the gyro-phase average is defined as 〈· · ·〉ϕ ≡ (1/2pi)
∮
dϕ(· · · ), f¯ ≡ 〈f〉ϕ,
f˜ ≡ f − f¯ , and Q˙ ≡ dQ/dt ≡ ∂Q/∂t+ v ·∇Q+ (e/M)(E + c−1v×B) ·∇vQ for an
arbitrary quantity Q.
Equation (3) can be solved order by order by expanding the distribution function
in the small parameter δ, f¯ = f¯0 + f¯1 + f¯2 + · · · , f˜ = f˜1 + f˜2 + · · · , where f˜0 = 0.
Observing that
ε˙ =
e
M
E · v,
µ˙ = −v
2
⊥
2
(
∂B
∂t
+ v ·∇B
)
− v‖
B
(
∂bˆ
∂t
+ v ·∇bˆ
)
· v + e
MB
E⊥ · v, (4)
ϕ˙+ Ω =
(
∂eˆ2
∂t
+ v ·∇eˆ2
)
· eˆ1 − v‖
v2⊥
(
∂bˆ
∂t
+ v ·∇bˆ
)
× bˆ · v + e
Mv2⊥
E × bˆ · v,
where v‖ =
√
2(ε− µB), bˆ ≡ B/B, and eˆ1 and eˆ2 are the unit vectors that together
with bˆ form a right-hand orthogonal basis and are such that v⊥ = v⊥(eˆ1 cosϕ +
eˆ2 sinϕ), and using orderings (1), (2) one can see that the second integral term on
the right-hand side of Eq. (3) is a factor of δ smaller than the first integral term.
Consequently, the latter contributes to f˜1, f˜2, f˜3 and so on, whereas the former only
contributes to f˜2, f˜3 and so on.
In his derivation1 Hazeltine completely neglected the second integral term on the
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right-hand side of Eq. (3), and used Eq. (4) as well as the identities
v⊥ =
∂
∂ϕ
(v × bˆ), v⊥v⊥ − 〈v⊥v⊥〉ϕ =
1
4
∂
∂ϕ
(
v⊥ v × bˆ+ v × bˆ v⊥
)
(5)
to obtain
f˜H = v ·
{
bˆ×∇|µf¯
Ω
− vE
(
∂f¯
∂ε
+
1
B
∂f¯
∂µ
)
− vM 1
B
∂f¯
∂µ
}
(6)
−
(
v⊥ v × bˆ+ v × bˆ v⊥
)
:∇bˆ v‖
4ΩB
∂f¯
∂µ
,
where vM ≡ Ω−1bˆ× [µ∇B+v2‖κ+v‖∂bˆ/∂t] is the magnetic drift velocity, κ ≡ bˆ ·∇bˆ
is the magnetic field line curvature, and we define our double-dot scalar product
convention for arbitrary vectors a, c and dyad
↔
M to be ac :
↔
M≡ c·
↔
M ·a. Notice, that
Eq. (6) gives contributions to f˜ from the first integral term in Eq. (3) to all orders in
δ.
Next, we evaluate the contribution to f˜ from the second integral term on the
right-hand side of Eq. (3) to the second order in the δ expansion. We denote this
contribution f˜NH since it was neglected by Hazeltine. Since there is no first order con-
tribution, f˜NH ≈ f˜NH2 . Recalling ordering (1) we can safely neglect the contribution
from the ∂f˜/∂t term. Moreover, we also neglect contributions from 〈C(f)〉ϕ − C(f)
terms. They result in classical collisional effects (such as the perpendicular heat flux
and perpendicular viscous stress tensor), which can be more conveniently evaluated
using a moment approach since we assume ν ¿ Ω.
Assuming now that the distribution function is isotropic in the velocity space in
the leading order, f¯0 = f¯0(ε, r, t), Eq. (6) predicts
f˜1 ≡ f˜H1 = v · g⊥, (7)
where
g⊥ ≡
1
Ω
bˆ×∇f¯0 − vE ∂f¯0
∂ε
. (8)
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Taking into account
∇|ε,µ,ϕ =∇|µ,ϕ =∇−∇µ ∂
∂µ
−∇ϕ ∂
∂ϕ
,
∇µ = − µ
B
∇B − v‖
B
(∇bˆ · v), (9)
∇ϕ =∇eˆ2 · eˆ1 − v‖
v2⊥
(∇bˆ× bˆ · v),
and
∂v
∂ε
=
bˆ
v‖
,
∂v
∂µ
= −B
v‖
+
v⊥
2µ
, (10)
∂v
∂ϕ
= bˆ× v
we easily evaluate ∇|ε,µ,ϕv and then obtain
v ·∇|ε,µ,ϕf˜1 = v · (∇|ε,µ,ϕv) · g⊥ + vv :∇g⊥ =
vv :
[
∇g⊥ + g⊥
∇B
2B
+ (bˆ× g⊥)(∇eˆ2 · eˆ1)
]
(11)
+vvv
...
[
g⊥(∇bˆ)− bˆ× g⊥(∇bˆ× bˆ)
] v‖
v2⊥
,
where for an arbitrary vector a and a dyad
↔
M our triple-dot scalar product convention
is vvv
...a
↔
M≡ (v · a)v·
↔
M ·v. Using Eqs. (4) and (10) we also find
ε˙
∂f˜1
∂ε
= vv :
(
∂g⊥
∂ε
eE
M
)
,
µ˙
∂f˜1
∂µ
= vv :
[
g⊥
(
eE⊥
Mv2⊥
− ∇B
2B
)]
− vvv...
[
g⊥(∇bˆ)
] v‖
v2⊥
, (12)
(ϕ˙+ Ω)
∂f˜1
∂ϕ
= −vv :
{
bˆ× g⊥
[
(∇eˆ2 · eˆ1) + eE × bˆ
Mv2⊥
]}
+vvv
...
[
bˆ× g⊥(∇bˆ× bˆ)
] v‖
v2⊥
.
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Noticing v⊥v⊥ + v × bˆ v × bˆ−
〈
v⊥v⊥ + v × bˆ v × bˆ
〉
ϕ
= 0 we obtain
v ·∇|ε,µ,ϕf˜1 + ε˙∂f˜1
∂ε
+ µ˙
∂f˜1
∂µ
+ (ϕ˙+ Ω)
∂f˜1
∂ϕ
−
〈
v ·∇|ε,µ,ϕf˜1 + ε˙∂f˜1
∂ε
+ µ˙
∂f˜1
∂µ
+ (ϕ˙+ Ω)
∂f˜1
∂ϕ
〉
ϕ
(13)
= (vv − 〈vv〉ϕ) :
↔
h ,
where the dyad
↔
h is defined as
↔
h≡∇g⊥ +
eE
M
∂g⊥
∂ε
. (14)
Employing
vv − 〈vv〉ϕ =
∂
∂ϕ
[(
v‖ +
1
4
v⊥
)
v × bˆ+ v × bˆ
(
v‖ +
1
4
v⊥
)]
we finally arrive at the required expression
f˜NH ≈ 1
Ω
[(
v‖ +
1
4
v⊥
)
v × bˆ+ v × bˆ
(
v‖ +
1
4
v⊥
)]
:
↔
h . (15)
Therefore, the full gyro-phase dependent portion of the distribution function exact
through the second order in the δ expansion (with classical collisional contributions
neglected) is given by the sum of Eq. (6) from Hazeltine and our expression (15).
IV. EQUATION FORGYRO-PHASE INDEPENDENT POR-
TION OF DISTRIBUTION FUNCTION
To obtain the drift kinetic equation for the gyro-phase independent portion of the
distribution function from
〈f˙〉ϕ = 〈C(f)〉ϕ , (16)
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which is capable of giving f¯ exact through the second order in the δ expansion, it is
necessary to evaluate 〈f˙〉ϕ = 〈 ˙¯f〉ϕ+ 〈 ˙˜fH〉ϕ+ 〈 ˙˜fNH〉ϕ. The contributions from the first
two terms were evaluated in Ref. [1] and are given to all orders (see also Ref. [2]) by
〈 ˙¯f〉ϕ + 〈 ˙˜fH〉ϕ = (17)
∂f¯
∂t
+ [(v‖ + vp)bˆ+ vd] ·∇|µf¯ +
{
eE
M
· [(v‖ + vp)bˆ+ vd] + µ∂B
∂t
}
∂f¯
∂ε
+ µ˙gc
∂f¯
∂µ
,
where vd ≡ vE + vM , vp ≡ (µB/Ω)(bˆ ·∇× bˆ), and
µ˙gc ≡ cE‖µ
B
(bˆ ·∇× bˆ)− v‖µ
Ω
∇ ·
(
bˆ× ∂bˆ
∂t
)
+
v‖µB
Ω
bˆ ·∇|µ
[
v‖(bˆ ·∇× bˆ)
B
]
,
with ∇|µ ≡∇−∇µ(∂/∂µ).
We begin evaluation of 〈 ˙˜fNH〉ϕ ≈ 〈 ˙˜fNH2 〉ϕ by writing [recall Eq. (15)]
〈f˜NH2 〉ϕ =
〈
d
dt
[(
v‖ +
1
4
v⊥
)
v × bˆ
Ω
+
v × bˆ
Ω
(
v‖ +
1
4
v⊥
)]〉
ϕ
:
↔
h (18)
+
〈[(
v‖ +
1
4
v⊥
)
v × bˆ
Ω
+
v × bˆ
Ω
(
v‖ +
1
4
v⊥
)]
:
d
↔
h
dt
〉
ϕ
.
Observing that
dv
dt
=
eE
M
+ Ωv × bˆ, dv‖
dt
= v‖v ·∇bˆ+ bˆ(v ·∇bˆ · v) + eE‖
M
,
dv⊥
dt
=
dv
dt
− dv‖
dt
,
dbˆ
dt
= v ·∇bˆ, dΩ
dt
= Ωv ·∇ lnB,
and taking into account 〈v⊥〉ϕ = 〈v⊥v⊥ v⊥〉ϕ = 0 we find for the first term on the
right-hand side of Eq. (18)〈
d
dt
[(
v‖ +
1
4
v⊥
)
v × bˆ
Ω
+
v × bˆ
Ω
(
v‖ +
1
4
v⊥
)]〉
ϕ
=
3v‖
4Ω
[
bˆ κ · 〈v⊥v × bˆ〉ϕ + 〈v × bˆ v⊥〉ϕ ·∇bˆ
]
+ v‖vE −
v‖
4Ω
〈v⊥v × bˆ〉ϕ∇‖ lnB
−v‖
Ω
[
〈v × bˆ v⊥〉ϕ ·∇ lnB + 〈v ·∇bˆ× v〉ϕ
]
− 1
4Ω
〈v⊥v ·∇bˆ× v〉ϕ + Transpose.
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Using 〈v⊥v⊥〉ϕ = (v2⊥/2)(
↔
I −bˆbˆ) to find 〈v⊥v×bˆ〉ϕ = (v2⊥/2)
↔
I ×bˆ and 〈v×bˆ v⊥〉ϕ =
−(v2⊥/2)bˆ×
↔
I , and 〈vv〉ϕ = 〈v⊥v⊥〉ϕ+ v2‖bˆbˆ to show 〈v ·∇bˆ×v〉ϕ = (v2‖ − v2⊥/2)κ×
bˆ−(v2⊥/2)∇×bˆ, and also (〈v⊥vv〉ϕ)ijk = (v‖v2⊥/2)(δij bˆk+δikbˆj−2bˆibˆj bˆk) with δij the
Kronecker delta to evaluate 〈v⊥v ·∇bˆ×v〉ϕ = (v‖v2⊥/2)(∇bˆ× bˆ−
↔
I ×κ− 2bˆ κ× bˆ),
we obtain 〈
d
dt
[(
v‖ +
1
4
v⊥
)
v × bˆ
Ω
+
v × bˆ
Ω
(
v‖ +
1
4
v⊥
)]〉
ϕ
= (19)
v‖(vd + vpbˆ) +
v‖v2⊥
8Ω
(
5 bˆ κ× bˆ− 3 bˆ×∇bˆ−∇bˆ× bˆ
)
+ Transpose.
Next, we consider the second term on the right-hand side of Eq. (18). Taking into
account
d
↔
h
dt
= v ·
(
∇ ↔h +eE
M
∂
↔
h
∂ε
)
and noticing that 〈(v⊥ v × bˆ + v × bˆ v⊥)v⊥〉ϕ = 0 and 〈(v‖ v × bˆ + v × bˆ v‖)v〉ϕ =
(v‖v2⊥/2)[(bˆeˆ1 + eˆ1bˆ)eˆ2 − (bˆeˆ2 + eˆ2bˆ)eˆ1] we find〈[(
v‖ +
1
4
v⊥
)
v × bˆ
Ω
+
v × bˆ
Ω
(
v‖ +
1
4
v⊥
)]
:
d
↔
h
dt
〉
ϕ
=
v‖v2⊥
2Ω
[(bˆeˆ1 + eˆ1bˆ)eˆ2 − (bˆeˆ2 + eˆ2bˆ)eˆ1]...
(
∇ ↔h +eE
M
∂
↔
h
∂ε
)
,
where our triple-dot scalar product convention for arbitrary vectors a, c, d is such that
acd
...∇ ↔h≡ ac : (d ·∇
↔
h) ≡ c ·(d ·∇
↔
h ) ·a and acd...E∂
↔
h /∂ε ≡ (d ·E)c ·∂
↔
h /∂ε ·a.
Using eˆ1 = eˆ2× bˆ and eˆ2 = bˆ× eˆ1 we can easily rewrite the term containing E as
v‖
Ω
[(bˆeˆ1 + eˆ1bˆ)eˆ2 − (bˆeˆ2 + eˆ2bˆ)eˆ1]...eE
M
∂
↔
h
∂ε
= (v‖vE + vEv‖) :
∂
↔
h
∂ε
, (20)
where as usual ac :
↔
M≡ c·
↔
M ·a. Similarly,
[(bˆeˆ1 + eˆ1bˆ)eˆ2 − (bˆeˆ2 + eˆ2bˆ)eˆ1]...∇
↔
h=
−bˆ ·∇× (↔h +
↔
h
T
) · bˆ = (21)
↔
h : [bˆ×∇bˆ+ (bˆ×∇bˆ)T]− bˆ ·∇× (
↔
h ·bˆ+ bˆ·
↔
h),
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where the superscript “T” next to a dyad is used to denote a transpose of the dyad,
and the double-dot scalar product is defined for arbitrary dyads
↔
M ,
↔
N in such a way
that
↔
M :
↔
N≡
↔
M ij
↔
Nji with summation over repeated dummy indices assumed. Combin-
ing results (20) and (21) we obtain〈[(
v‖ +
1
4
v⊥
)
v × bˆ
Ω
+
v × bˆ
Ω
(
v‖ +
1
4
v⊥
)]
:
d
↔
h
dt
〉
ϕ
=
v2⊥
2
(v‖vE + vEv‖) :
∂
↔
h
∂ε
+
v‖v2⊥
2Ω
{[
bˆ×∇bˆ+ (bˆ×∇bˆ)T
]
:
↔
h −bˆ ·∇× (
↔
h ·bˆ+ bˆ·
↔
h)
}
. (22)
To form Eq. (18) to the requisite order we double dot Eq. (19) by
↔
h and add it
to Eq. (22) to obtain
〈 ˙˜fNH〉ϕ =[
v‖
(
vd + vpbˆ+
5µB
4Ω
κ× bˆ
)
+
(
vd + vpbˆ+
5µB
4Ω
κ× bˆ
)
v‖
]
:
↔
h (23)
+
v‖µB
4Ω
[
bˆ×∇bˆ+ (bˆ×∇bˆ)T −∇bˆ× bˆ− (∇bˆ× bˆ)T
]
:
↔
h
+µB(v‖vE + vEv‖) :
∂
↔
h
∂ε
− v‖µB
Ω
bˆ ·∇× (↔h ·bˆ+ bˆ·
↔
h).
The left-hand side of the drift kinetic equation with all the second order in gyro-
radius terms retained is given by the sum of Eqs. (17) and (23), which corresponds
to 〈f˙〉ϕ = 〈 ˙¯f〉ϕ+ 〈 ˙˜fH〉ϕ+ 〈 ˙˜fNH〉ϕ. The complete result consists of equations (16), (17)
and (23) [with
↔
h given by Eqs. (14) and (8) and f¯0 obtained from Eq. (16) with the
left-hand side given by the leading order form of Eq. (17)]. Solving this drift kinetic
equation gives the distribution function with all the second order in δ terms retained.
We can explicitly evaluate
↔
h for f¯0 a Maxwellian,
fM(v) ≡ n
(
M
2piT
)3/2
exp
(
−Mv
2
2T
)
, (24)
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with n ≡ ∫ d3vf¯ the density. In this case (14) becomes
↔
h=
M
T
{∇(pV ⊥)
p
− 2∇q⊥
5p
L
(3/2)
1 (x
2)− eE
T
[
V ⊥ − 2q⊥
5p
L
(5/2)
1 (x
2)
]
(25)
−∇T
T
[
V ⊥L
(5/2)
1 (x
2)− 4q⊥
5p
L
(3/2)
2 (x
2)
]}
fM(v),
where p ≡ nT ≡ (M/3) ∫ d3v v2f¯ is the pressure, V ⊥ ≡ vE + vdia, with vdia ≡ bˆ ×
∇p/(MnΩ) the diamagnetic flow velocity, q⊥ ≡ 5 p bˆ×∇T/(2MΩ) is the diamagnetic
heat flux, and L
(j+1/2)
i (x
2), i, j = 0, 1, 2, . . ., are generalized Laguerre polynomials,
with x2 ≡Mv2/2T .
Not surprisingly, the full equation is far more complex than the Hazeltine’s result
(17). Of course, this added complexity is simply a result of retaining the leading gyro-
phase dependent portion of the distribution function in Eq. (3). Unfortunately, the
full drift kinetic equation to the second order is much more difficult to solve than the
incomplete Hazeltine’s drift kinetic result (17). Consequently, for most applications
the drift kinetic equation to the first order,2
∂f¯
∂t
+
[
(v‖ + vp)bˆ+ vd
]
·∇|µf¯ +
{
eE
M
·
[
(v‖ + vp)bˆ+ vd
]
+ µ
∂B
∂t
}
∂f¯
∂ε
= 〈C(f)〉ϕ,(26)
is all that is likely to be solved. Using the solution for this f¯ for each species, the
charge and parallel current densities can be evaluated and employed, along with
the lowest order perpendicular diamagnetic current, in the Maxwell’s equations to
determine the self-consistent electric and magnetic fields. Such solutions will give
the leading gyro-radius corrections to the distribution function and determine the
self-consistent E and B. This closure procedure will not retain the full features of
the stress tensor and collisional heat flux, which in some situations may modify the
turbulent behavior and be essential to determining the self-consistent electric field
and flows. In addition to collisional viscous and heat flux effects, these solutions to
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order δ will miss gyro-viscous effects on the transport and turbulence - effects that are
of the same order as the turbulent Reynolds stress. Gyro-viscosity can be retained
in the perpendicular current by using f˜2 to evaluate it as in Sec. V, but to evaluate
the isotropic part of the pressure to the same order we must solve for f¯2. Finding it
requires solving the kinetic equation with the Vlasov operator replaced by the sum
of Eqs. (17) and (23). Then the effects of gyro-viscosity on turbulence and transport
are retained by evaluating the perpendicular current to high enough order that gyro-
viscous, Reynolds stress, and order δ2 corrections to p are retained. In this case the
effects of collisional viscosity and heat flow would still be absent, so completely self-
consistent closure is not possible. For the drift ordering in the presence of collisions a
completely self consistent closure may not be possible without a separation of parallel
and perpendicular length scales, as is found in the collisionless limit.10,11
V. EVALUATION OF GYRO-VISCOSITY
Finally, we use expressions (6) and (15) to obtain the general expression for the
gyro-viscous stress tensor for an arbitrary degree of plasma collisionality,
↔
pig≡M
∫
d3vvvf˜ =M
∫
d3vvv(f˜H + f˜NH). (27)
First, we evaluate the contribution from f˜H by using
(v‖ v × bˆ+ v × bˆ v‖) :∇bˆ = v‖v · bˆ× κ,
and noting that for an arbitrary tensor12
↔
M[(
v‖ +
1
4
v⊥
)
v × bˆ+ v × bˆ
(
v‖ +
1
4
v⊥
)]
:
↔
M= (28)
1
8
(
vv − 1
3
v2
↔
I
)
:
[
bˆ×
(
↔
M +
↔
M
T
)
·
(↔
I +3bˆbˆ
)
−
(↔
I +3bˆbˆ
)
·
(
↔
M +
↔
M
T
)
× bˆ
]
.
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The tensor double-dotted with (vv − v2 ↔I /3) on the right-hand side of Eq. (28) is
symmetric, traceless and has zero bˆbˆ component. The preceding allows us to write
M
∫
d3vvvf˜H = −M
∫
d3v
v‖
8ΩB
∂f¯
∂µ
vvv· ↔S ·v (29)
+M
∫
d3vvvv⊥ ·
{
bˆ×∇|µf¯
Ω
− vE
(
∂f¯
∂ε
+
1
B
∂f¯
∂µ
)
−
(
vM −
v2‖
Ω
bˆ× κ
)
1
B
∂f¯
∂µ
}
,
with
↔
S≡ bˆ× [∇bˆ+ (∇bˆ)T] · (
↔
I +3bˆbˆ)− (
↔
I +3bˆbˆ) · [∇bˆ+ (∇bˆ)T]× bˆ.
To evaluate the first integral on the right-hand side of Eq. (29) we observe that for
an arbitrary gyro-phase independent, symmetric, traceless tensor
↔
M with a zero bˆbˆ
component
〈vvv· ↔M ·v〉ϕ = v2⊥
(
v2‖ −
v2⊥
4
)
[bˆ(bˆ· ↔M) + (bˆ·
↔
M)bˆ] +
v4⊥
4
↔
M . (30)
Employing2 ∫
d3v =
∑
σ
∫ +∞
0
dε
∫ ε/B
0
dµ
B
|v‖|
∫
dϕ, (31)
with σ ≡ v‖/|v‖| = ±1, and integrating by parts (noting that contributions from the
limits vanish) we obtain
M
∫
d3v
v‖
8ΩB
∂f¯
∂µ
vvv· ↔S ·v = 1
4Ω
{
(3q1 − 2q2)[bˆ(bˆ·
↔
S ) + (bˆ·
↔
S )bˆ]− q1
↔
S
}
, (32)
where bˆ· ↔S= 4bˆ× κ and
q1 ≡M
∫
d3v v‖µBf¯, q2 ≡ 1
2
M
∫
d3v v3‖ f¯ . (33)
Recalling that
(〈vvv⊥〉ϕ)ijk = v‖v
2
⊥
2
(δjkbˆi + δikbˆj − 2bˆibˆj bˆk),
15
we can rewrite the second integral on the right-hand side of Eq. (29) as
M
∫
d3vvvv⊥ ·
{
bˆ×∇|µf¯
Ω
− vE
(
∂f¯
∂ε
+
1
B
∂f¯
∂µ
)
−
(
vM −
v2‖
Ω
bˆ× κ
)
1
B
∂f¯
∂µ
}
=
M
∫
d3v
v‖v2⊥
2
bˆ
{
bˆ×∇|µf¯
Ω
− vE
(
∂f¯
∂ε
+
1
B
∂f¯
∂µ
)
−
(
vM −
v2‖
Ω
bˆ× κ
)
1
B
∂f¯
∂µ
}
(34)
+Transpose.
Employing Eq. (31) and integrating by parts we find
M
∫
d3v
v‖v2⊥
2
∇|µf¯ =∇q1 − 2q1∇ lnB,
M
∫
d3v
v‖v2⊥
2
∂f¯
∂ε
= 0, (35)
M
∫
d3v
v‖v2⊥
2B
∂f¯
∂µ
= −M
∫
d3v v‖f¯ ≡ −MnV‖,
M
∫
d3v
v‖v2⊥
2B
(
vM −
v2‖
Ω
bˆ× κ
)
∂f¯
∂µ
= −2q1
Ω
bˆ×∇ lnB − P‖ − P⊥
Ω
bˆ× ∂bˆ
∂t
,
where V‖ is the parallel flow velocity, and P‖ ≡ M
∫
d3v v2‖ f¯ and P⊥ ≡ M
∫
d3v µBf¯
are the parallel and perpendicular pressure, respectively. Employing results (32), (34)
and (35) in Eq. (29) and simplifying the expression obtained we eventually arrive at
the required answer:
M
∫
d3vvvf˜H =Mn(V ‖vE + vEV ‖) +
2q2 − 3q1
Ω
(bˆ bˆ× κ+ bˆ× κ bˆ)
+
1
4Ω
{
bˆ× [∇(q1bˆ) +∇(q1bˆ)T] · (
↔
I +3bˆbˆ)− (
↔
I +3bˆbˆ) · [∇(q1bˆ) +∇(q1bˆ)T]× bˆ
}
(36)
+
P‖ − P⊥
Ω
(
bˆ bˆ× ∂bˆ
∂t
+ bˆ× ∂bˆ
∂t
bˆ
)
.
Notice, that Eq. (36) is the exact consequence of Eq. (6), which is in turn good
through all orders in the δ expansion. The last term on the right-hand side of this
equation is small within our ordering scheme and is only kept here for completeness.
Next, we evaluate M
∫
d3v vvf˜NH with f˜NH given by Eq. (15). Using Eqs. (28),
(30) and the fact that
↔
h is isotropic in velocity space to the order we require (a
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consequence of requiring f¯0 to be isotropic) we obtain
M
∫
d3v vvf˜NH = bˆ× (↔T +
↔
T
T
) · (↔I +3bˆbˆ)− (
↔
I +3bˆbˆ) · (
↔
T +
↔
T
T
)× bˆ, (37)
with
↔
T≡ M
60Ω
∫
d3v v4
↔
h=
pi
15
M
Ω
∫ +∞
0
dv v6
↔
h .
Substituting expression (14) for
↔
h in the above integral, using Eq. (8), and taking
into account that to the order required
∫
d3vf¯0 = n and (M/3)
∫
d3vv2f¯0 = p we find
↔
T=
1
4Ω
{
∇
[
1
Ω
bˆ×∇
(
pT
M
I
)
+ pvE
]
− enEV ⊥
}
, (38)
where
I ≡ M
2
15pT
∫
d3vv4f¯0. (39)
Consequently, the most general form of the gyro-viscous stress tensor for a plasma of
arbitrary collisionality is given by the sum of expressions (36), (37), and (38).
Expressions (37) and (38) can be simplified further if f¯0 is assumed to be a
Maxwellian (24). Then, I = 1 and
↔
T=
1
4Ω
[
∇
(
pV ⊥ +
2
5
q⊥
)
− enEV ⊥
]
. (40)
Substituting (40) into Eq. (37) we finally obtain∫
d3v vvf˜NH ≈ 1
4
Mn
[
V ⊥V ⊥ − bˆ× V ⊥bˆ× V ⊥
]
(41)
+
p
4Ω
bˆ×
{
∇V ⊥ + (∇V ⊥)T + 2[∇q⊥ + (∇q⊥)
T]
5p
}
·
(↔
I +3bˆbˆ
)
+ Transpose,
where we used the momentum balance equation and the fact that the frictional mo-
mentum exchange between ions and electrons is small to write
∇p
MnΩ
− cE
B
≈ V ⊥ × bˆ. (42)
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Combining results (36) (with the last term on the right-hand side neglected) and
(41) we obtain the full expression for the gyro-viscous stress tensor for a plasma of
arbitrary collisionality with a lowest order Maxwellian distribution function:
↔
pig=Mn
[
vEV ‖ + V ‖vE + V ⊥V ⊥ − 1
2
(
V ⊥V ⊥ + bˆ× V ⊥bˆ× V ⊥
)]
+
1
4Ω
[
bˆ× (↔N +
↔
N
T
) · (↔I +3bˆbˆ)− (
↔
I +3bˆbˆ) · (
↔
N +
↔
N
T
)× bˆ
]
(43)
+
2q2 − 3q1
Ω
(bˆ bˆ× κ+ bˆ× κ bˆ),
where
↔
N≡ p∇V ⊥ + 2
5
∇q⊥ +∇(q1bˆ). (44)
It is instructive to see that the gyro-viscous stress tensor given by the preceding
expression is consistent in the collisional limit with the well known expression12,13
↔
pig |coll = p
4Ω
bˆ×
{
∇V + (∇V )T + 2[∇q + (∇q)
T]
5p
}
· (↔I +3bˆbˆ)+Transpose, (45)
where V = V ‖+V ⊥ and q = q‖+ q⊥, with q‖ the parallel heat flux.
9 Indeed, using
the leading plus the first order pieces of the gyro-phase independent part of the ion
distribution function for a collisional plasma, f¯ ≈ f¯0 + f¯1, with f¯0 given by Eq. (24)
and14,15
f¯1 =
M
T
{
V‖ −
2q‖
5p
[
L
(3/2)
1
(
x2
)− 4
15
L
(3/2)
2
(
x2
)]}
v‖fM(v), (46)
we obtain
q1 =
2
3
q2 = pV‖ +
2
5
q‖. (47)
Substituting these expressions into Eq. (36) and neglecting the last term on the right-
hand side we find ∫
d3vvvf˜H
∣∣∣∣
coll
≈MnV ‖V ⊥ (48)
p
4Ω
bˆ×
{
∇V ‖ + (∇V ‖)T +
2[∇q‖ + (∇q‖)T]
5p
}
· (↔I +3bˆbˆ) + Transpose.
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Combining results (41) and (48), or alternatively substituting (47) directly into Eqs. (43)
and (44) we finally obtain for a collisional plasma
↔
pig→↔pig |coll +MnV V −Mn
[
V 2‖ bˆbˆ+
1
2
V 2⊥(
↔
I −bˆbˆ)
]
. (49)
The extra terms on the right-hand side of this expression occur because
↔
pig |coll is
defined in terms of the shifted velocity variables w ≡ v − V :
↔
pig |coll ≡
∫
d3wwwf˜(w). (50)
Rewriting vv in terms ofww variables in Eq. (27) is trivial. However, obtaining f˜(w)
is only possible if both f˜(v) and f¯(v) are known, since the gyro-phase independent in
v variables portion of the distribution function can produce a gyro-phase dependent
portion in w variables. For example, it can be easily seen that when rewritten in
terms of w variables f¯0 given by Eq. (24) contains the gyro-phase dependent portion
1
2
(
M
T
)2
V V : (ww − 〈ww〉ϕ)fM(w), (51)
with fM(w) ≡ n(M/2piT )3/2 exp(−Mw2/2T ). Since f¯1 for a collisional plasma is
known one can easily show that expressions (45) and (49) are equivalent if the differ-
ence in the definitions is accounted for.
By comparing the collisional expression for gyro-viscous stress tensor (45) with
contributions (48) and (41) from f˜H and f˜NH, respectively, one can see once more
that Hazeltine’s expression (6) for f˜ and consequently the left-hand side (17) of the
drift-kinetic equation are incomplete to the second order in δ.
Finally, we remark that the general expression for gyro-viscous stress tensor given
by the sum of Eqs. (36), (37), and (38) can be used for electrons by replacing the ion
quantities, such as mass, gyro-frequency and so on with the corresponding electron
quantities. The same is true for Eqs. (41) and (43) for the leading order distribution
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function a Maxwellian. Moreover, using the expression for f¯1e from Ref. [
12] one can
show that results (47) and consequently (48) and (49) hold for electrons too but again
after the appropriate electron quantities are substituted for the ion ones.
VI. CONCLUSIONS
We have determined how the drift kinetic equation of Hazeltine1,2 must be modi-
fied when the gyro-averaged distribution function is required through the second order
in the gyro-radius for the case of a distribution that is isotropic in velocity space in
the leading order. When it is necessary to retain such ρ2 features Eq. (23) with ex-
pressions (8) and (14) for
↔
h inserted [or alternatively (25) if f¯0 = fM(v)] must be
added to the Hazeltine’s result of Eq. (17) to obtain a complete description. The re-
sulting equation must be solved to incorporate the effects of gyro-viscosity, Reynolds
stress, and second order in δ corrections to the isotropic pressure in the perpendicular
current as found from the momentum equation.
In addition to evaluating all the second order terms in the drift kinetic equation, we
obtained the general expression for the ion (and electron) gyro-viscous stress tensor
for a plasma of arbitrary collisionality. Doing so requires knowing the gyro-phase
dependent part of the distribution function through the second order in ρ as given
by the sum of Eqs. (6) and (15). The general result for ions is given by the sum of
Eqs. (36), (37), and (38), while the result for electrons is obtained by replacing ion
quantities by electron ones. When the lowest order isotropic distribution function
is a Maxwellian, the arbitrary collisionality form of the gyro-viscous stress tensor
simplifies to that given by Eq. (43). We have also shown that the general expression
successfully recovers the well-known short mean-free path result.
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We remark before closing that most of the order ρ2 features we evaluate herein
are missing from gyro-kinetic treatments,16–19 which typically relate the gyro-center
and particle locations through the first order in ρ and thereby attempt to retain
arbitrary ρ effects from the fluctuations while neglecting some order ρ2 modifications
from the background. As a result, gyro-kinetic simulations are unable to completely
determine the gyro-viscosity and retain key features of the background evolution, such
as the poloidal flow and its coupling to the turbulent generation of zonal flows. Only
when the gyro-viscosity is predominantly set by the fluctuations will existing gyro-
kinetic treatments be adequate in this regard. However, because of the influence of
zonal flows on saturation amplitudes, using existing gyro-kinetic codes to completely
determine the coupled background poloidal and fluctuation driven zonal flows remains
a challenge.
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